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Abstract This paper numerically investigates the shear flow between double
concentric spherical boundaries rotating differentially, so-called spherical Cou-
ette flow, under unstable thermal stratification, focusing on the boundary of the
axisymmetric/non-axisymmetric transition in wide gap cases where the inner ra-
dius is comparable to the clearance width. While the transition of SCF has been
confirmed experimentally in cases without thermal factor, insufficient knowledge
on SCF subject to thermal instability, related to geophysical problems especially
in wide gap cases, has been accumulated mainly based on numerical analysis; our
motivation is to bridge the knowledge gap by a parameter extension. We reconfirm
that the transition under no thermal effect is initiated by a disturbance visualised
as a spiral pattern with n arms extending from the equatorial zone to the pole in
each hemisphere, at the critical Reynolds number, Recr, as previously reported.
With increasing thermal factor, the buoyancy effect assists the system rotation
to trigger a transition towards non-axisymmetric states, resulting in a relative
decrease of Recr. This is in contrast with the result that the system rotation ap-
parently suppresses via Coriolis effect the transition to the thermally convective
states at low Reynolds numbers. The present study elucidates that the existence of
the axisymmetric state is restricted within a closed area in the extended parameter
space, along the boundary of which the spiral patterns observed experimentally in
SCF continually connect to the classical spherical Be´nard convective states.
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1 Introduction
Rotating shear flow favours polygonal coherence around the poles. Recent space-
craft missions have spotted the aspect of a regular polygon in the polar jet stream
on Jupiter and Saturn[1]. At the laboratory scale, liquid flow switches between
axisymmetric and non-axisymmetric patterns in an open cylindrical vessel with
either a stationary or rotating endwall and bottom [2,3]. Here, we revisit yet an-
other classical example, namely spherical Couette flow (SCF)—the incompressible
Newtonian fluid confined between concentric spherical boundaries rotating differ-
entially. SCF is a canonical yet practical turbulent shear flow. As an idealised
limit in the equatorial zone of the SCF, we can conceive the so-called planar Cou-
ette flow under periodic boundary conditions[4]. The particular case between a
rotating inner sphere and a stationary outer sphere, which has so far been in-
vestigated relatively extensively, is principally characterised by only two control
parameters: a geometrical parameter and the Reynolds number, traditionally de-
fined as Re =
r2
in
Ωin
ν
. The basic laminar flow realised at a small Re consists of
two zonal momentum cells in the north and south hemispheres, which are divided
by a strong radial outward flow developing at the equatorial zone via the inertial
(centrifugal) force of the rotating inner sphere. A fluid element in one of the cells
travels from the equator to a pole along the outer spherical boundary and then
back to the equator on the rotating inner boundary, describing a spiral trajectory
in the corresponding hemisphere.
With an increase in the rotation rate of the inner sphere, SCF exhibits the
first transition to turbulence. Egbers and Rath [5] carried out experimental stud-
ies employing several spherical boundaries with different radii. The geometry is
determined by the ratio of the clearance width to the radius of the inner sphere
β = (rout− rin)/rin, where rin and rout are the inner and outer radii, respectively.
They noticed that the route to turbulence is determined by the value of β. In
“narrow gap” cases, where β ≤ 0.25, the transition is initiated by the axisym-
metric Taylor vortices with successive instability, as observed in the cylindrical
Taylor–Couette flow. On the other hand, in “wide gap” cases, where 0.33 ≤ β, the
transition begins with a break of the polygonal secondary waves at a relatively
high rotation rate, under the absence of Taylor vortices, as in the flow between
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two rotating planar disks. The cases with β = 0.33 and β = 0.5 correspond to
the onset of instability, which were visualised both as a sinuous wave disturbance
at the equator propagating in the zonal direction, and as a spiral pattern with n
arms extending from the equatorial zone in each hemisphere. Wulf et al. [6] further
investigated successive transition processes undergoing several mode changes, and
concluded that the Ruelleakens–Newhouse scenario, associated with a few polyg-
onal modes, represents the route to turbulence. The critical Reynolds numbers
obtained were Recr = 2628 (n = 6) at β = 0.33 and Recr = 1244 (n = 5) at
β = 0.5, the latter of which agrees remarkably well with a theoretical prediction
based on linear stability analysis [7].
Experimental studies on wide gap SCF promoted by a few pioneers during
the last quarter of the past century[8,9,5] were originally stimulated by astro-
nomical and geophysical problems. The evidence of a fluid core in the planetary
interior convinced researchers that thermal convection in the core is a prime mover
inside an apparently solid yet pulsating planet, whereas direct measurements in-
side convection remain beyond our reach. A framework to model the convection
is Boussinesq fluid[10] in a spherical shell, which is the same as that employed
in research on SCF. By introducing electro-magnetic factors to the system [11,
12], more realistic frameworks could be developed to elucidate the mechanism of
secular variations in the terrestrial geomagnetic field. Although these numerical
models have been improved through comparisons with seismological or other to-
mographic data[13], they are principally unrealisable in experiments, because it is
impossible to reproduce the radial gravitational field except under a micro-gravity
environment[14].
The motivation of the current work is to bring to bear the authenticity estab-
lished on SCF—confirmed both numerically and experimentally—to our uncertain
knowledge of spherical Be´nard convection (SBC) under the radial gravitational
field, which has been accumulated only numerically. For this purpose, we develop
an SCF system with thermal and gravitational factors. We first re-examine the
transition in the SCF model at the vanishing limit of thermal factors. By com-
paring our results to those of previous experiments on transition in the wide gap
SCF, we validate the developed code. We next examine the transition of the basic
laminar flow perturbed by the thermal factor. A phase diagram is obtained in
the extended control parameter space that implies a cooperative and competitive
mechanism between the thermal and inertia factors of this hybrid system. The
remainder of this paper is organised as follows. In the next section, we briefly de-
scribe the nondimensionalised governing equation of our system. In section 3, we
reproduce the non-axisymmetric states obtained experimentally and discuss the
morphology of vortex under shear and thermal effects. In the latter part of the
section, the diagram of equilibrium states of SCF is extended to the case under
unstable thermal stratification. The paper is concluded with some brief remarks
on heat and angular momentum flux in the transition and the relevance of the
present research.
2 Formulation
We consider Boussinesq fluid confined between double concentric spherical bound-
aries, and we assume that the mass and internal heat source are distributed ho-
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Fig. 1 Configuration of the present study. The temperatures of the inner and outer spheres
with radii rin and rout are fixed at Θin and Θin, respectively. The inner sphere rotates at a
constant angular velocity, Ωin. The primary parameters for SCF without the thermal effect
are the geometrical parameter β = (rout − rin)/rin, and the Reynolds number Re =
r2inΩin
ν
.
mogeneously inside the outer spherical boundary. The dimensional equations for
momentum and energy are
Du
Dt
= −
1
ρ0
∇p+ ν∇2u−
ρ
ρ0
g0r ,
DΘ
Dt
= κ∇2Θ + ǫ ,
where ρ0, ν, g0, κ, and ǫ are the reference density, kinematic viscosity, ratio of
gravitational acceleration to the radius, thermal diffusivity, and heat generation
rate per specific heat[12]. The temperature difference between the inner and outer
spheres, principally determined by the heat generation rate ǫ and the radii, affects
the momentum equation via the buoyancy term. Here, half of the temperature
difference between the inner and outer spherical boundaries,∆Θ = (Θin−Θour)/2,
is determined by ǫ. The equations for the length, time, and temperature in the
half gap width ∆r = (rout−rin)/2, the diffusion time ∆r
2/ν, and the temperature
in ∆Θ, are nondimensionalised as follows:
Du
Dt
= −∇p+∇2u+GrΘrer ,
DΘ
Dt
=
1
Pr
(
∇
2Θ +
3β
2 + β
)
.
Non-slip and isothermal boundary conditions are imposed at the stationary outer
and rotating inner spherical boundaries. The system is controlled by four param-
eters: Re =
r2inΩin
ν
, Pr =
ν
κ
, and Gr =
αg0∆Θ∆r
4
ν2
, as well as β. At the vanishing
limit of Gr, the momentum equation is decoupled from the energy equation, where
the system is equivalent to conventional SCF.
We employ the Galerkin-spectral method to solve the governing equations nu-
merically. Because of the divergence-free constraint on u, we invoke toroidal and
poloidal decomposition with regard to the radial direction, u = ∇× (∇× (Φr)−
Ψr). Spatially expanding the scalar fields, Φ, Ψ , and Θ, in terms of Chebyshev
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polynomials and spherical harmonics with the aid of open libraries[15,16], and
adapting the second-order Adams–Bashforth method complemented by Crank–
Nikolson for temporal discretisation, the governing equation is reduced to an in-
homogeneous Helmholtz equation. After carefully confirming that the numerical
solution is fully resolved (where the typical spatial resolution is 33 × 120 × 240
modes in r, θ, φ directions), we calculated the time evolution with time step 2−14.
Most equilibrium states reported hereafter, unless otherwise noted, were obtained
by numerical integration initially beginning with a Stokes solution[17] with a small
disturbance artificially generated by a series of random numbers.
3 Results
The present numerical code was validated for Re < 600 in the case of SCF without
the thermal factor, Gr = 0, by a comparison with previous experimental and
numerical results[18,19,6]. Fig.2 shows the radial and zonal components of the
basic laminar flow on the equatorial plane obtained at (β,Re) = (1, 489). In the
figure, the magnitudes of ur and uφ are normalised by the zonal speed of the inner
sphere at the equator, U0 = βRe/2, which is equivalent to rinΩin in dimensional
variables. Both the components agree with the previous numerical study[18] within
an error of at most a few percentage points. Note that the magnitude of the
radial component is comparable to that of the zonal component at the centre of
the boundaries. As Hollerbach et al. [18] reported, this is characteristic in wide
gap SCF but not in narrow gap cases. In addition, due to the mixing effect of
meridional circulation, the gradient of the zonal component localises in the layers
on the boundaries as Re increases. On the equatorial plane, strong radial outward
flow forms the boundary layer of zonal flow near the outer sphere.
SCF undergoes the first transition from basic laminar flow to a non-axisymmetric
state at a critical Reynolds number Recr(β). Using the developed code, we cal-
culated a converged state starting from a (non-axisymmetric) small disturbance
superimposed on the (axisymmetric) Stokes flow for a given (Re, η). While a dis-
turbance is attenuated at parameters (denoted by circles in Fig.3), it is amplified
and saturates (marked by triangles). Additionally, the values of Recr(β) obtained
experimentally[6,19] and numerically[18] are incorporated into the figure together
with the present results. The agreement between the present and the previous
results is fairly good, except for a slight difference in the narrow gap case.
We now discuss the lower bound of β (the upper bound of η), at a β that is less
the threshold at which the route to turbulence becomes distinct from that of wide
gap SCF. According to Nakabayashi et al.[19], the definition of wide gap differs
considerably depending on the researcher, ranging from βcr = 0.24 (ηcr = 0.81)[20]
to βcr = 0.48 (ηcr = 0.68)[21]. The divergence of Re(β) at β →∞ (η → 1) indicates
that the inner sphere diameter is inappropriate as a representative length scale to
define the Reynolds number in narrow gap SCF, where instability originates at
the shear stress between boundaries, as in planar Couette flow. As pointed out in
Ref.[18], an alternative Reynolds number, defined as Re′ = βRe, is more suitable
for narrower cases of β < βcr (η > ηcr) than Re. In the present study, we focus on
three wide-gap cases: β = 3/2,1, and 2/3.
A non-axisymmetric equilibrium state emerges at Re > Recr(β). As the origi-
nal system is homogeneous to the zonal direction, a wave number mcr(β) should
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Fig. 2 Comparison of the basic laminar flow of SCF, ur (•) and uφ (×) obtained at (β,Re) =
(1, 489) (solid curve), to that of a previous numerical study (dashed curves), the value of which
was read from the graph in Fig. 1 of Ref.[18].
be selected at the onset of the instability, where an integer mcr corresponds to the
fundamental order in the spherical harmonic expansion activated due to the insta-
bility. The perturbation of the equilibrium state consists of the fundamental mode
and its higher harmonics, and spontaneously satisfies the following symmetry:
(Φ, Ψ,Θ)(r, θ, φ+
2π
mcr
) = (Φ, Ψ,Θ)(r, θ, φ) ,
(Φ, Ψ,Θ)(r, π − θ, φ) = (−Φ, Ψ,−Θ)(r, θ, φ) .
The wave number mcr(β) is 3, 4, and 5 for β = 3/2, 1, and 2/3, respectively, as
indicated beside the individual solid curves in Fig.3.
The second symmetry is reminiscent of the so-called shift-reflection symmetry
predominant in the planar Couette flow for low Reynolds numbers[22]. The low-
speed streaky structure prevalent in the near-wall region of wall-bounded shear
flows, first discovered experimentally by Kline et al.[23], is generated by wall-
normal lift flow sustained by streamwise vortices[24]. However, note that the wall-
normal component is not inherent in the basic parallel flows in such turbulent
shear flows on the plane wall. The shift-reflection symmetry of the disturbance is
favourable under shear stress between sliding parallel walls, leading to a meander-
ing of the low-speed streak, visualised experimentally in the near-wall region. In
SCF, the bifurcated equilibrium state is visualised as a sinuous wave pattern at
the equator propagating to the zonal direction (not shown here).
As stipulated by the first symmetry, the non-axisymmetric equilibrium state
that emerges over Recr has a spiral pattern with mcr vortical arms alternately
extending from the equator to the poles in each hemisphere, which is superimposed
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Fig. 3 Diagram of converged states with increasing Reynolds numbers for several ratios of
the inner to outer radii η (η = 1/(β+1)). Narrow gap cases correspond to 0.75 . 1/(β+1) < 1.
Either the basic flow (◦) or a non-axisymmetric state (N) is numerically obtained as a converged
state at a set of (β,Re). The neutral curve against the cross-flow instability is indicated as
the sequential solid/dotted curves at which non-axisymmetric equilibrium states emerge, as
reported previously[18]. The dashed curve is the cross-flow instability compiled in Ref.[19].
on the basic flow. Fig.4 provides a qualitative aspect in the polar hemisphere of the
spiral pattern (η,Re) = (2/3, 1320) of the present result, which shows an agreement
to an experimental visualisation by Wulf et al. (see Fig. 9(a) in Ref.[6]). Here, we
define the operator 〈f〉 = 12pir sin (θ)
∫ 2pi
0
f(r, θ, φ)dφ. The present result is visualised
as a contour of the radial component of perturbed velocity, ur − 〈ur〉 at r = r0,
while the spiral pattern in the experimental visualisation in Ref.[6] is illuminated
with a suspention of Iriodin 111 platelets. At the onset of the instability of basic
laminar flow, we numerically confirm that the number of arms is equivalent to
mcr(β), as shown in Fig.5.
Further numerical investigations for higher Reynolds numbers indicated that
the number of arms either increases or decreases, with an increase of Re. Focusing
on the initial stage of the transition, the number of arms decreases as Re increases.
The number of arms in the spiral pattern varies from 4 to 3 at Re = 560 for β = 1
(η = 0.5). Here, we emphasise again that the initial condition used is the Stokes
solution with a small disturbance. In a range of Re before the transition toward
a spatiotemporally irregular state, we confirmed that different equilibrium states
are realised from different initial states at the same Reynolds number. This is as-
sociated with the non-uniqueness of the equilibrium states realisable via hysteresis
over Recr, as reported in Ref.[5], which have been investigated in detail numeri-
cally [25]. Hereafter, we refer to the non-axisymmetric equilibrium state with m
spiral arms from a pole as an “m-fold spiral state”.
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Fig. 4 Contour of radial component normalised by rinΩin for the polar hemisphere at
(η,Re,Gr) = (2/3, 1320, 0):
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Fig. 5 Contour of radial component normalised by rinΩin for the polar hemisphere at
(β,Re) = (2/3, 900) (left), (1, 520) (centre), and (3/2, 391) (right). Polar hemisphere at
(β,Re) = (1, 1320)
In general, the instantaneous velocity field u may be decomposed into the ax-
isymmetric component um=0(r, θ) and non-axisymmetric component um6=0(r, θ, φ).
The non-axisymmetric component, which is enhanced due to the instability of the
axisymmetric component beyond Recr, describes a disturbance of m pairs of pos-
itive and negative vortical structures extending from each pole. Assuming that
each vortical structure is circular along the cross-section vertical to the vortex
axis, and that it spans the entire gap between the spherical boundaries 2∆r, we
can estimate the system circumference at the equatorial section as the product of
the number of vortical structures and an effective arc-length of a vortical structure
projected onto the equatorial plane d (d > 2∆r)—i.e. 2πr0 ≈ 2m× d. If the axis
of a vortical structure is inclined by γ with respect to the meridional plane, then
2∆r
d
≈ cos γ (see Fig.6). We suppose that the inclination is estimated from the
advection of um=0(r, θ), such that the incline angle γ is estimated by tanγ ≈
Uφ
Uθ
,
where Ur , Uθ and Uφ are the representative magnitudes of um=0(r0, θ) maximised
in the equatorial zone. Additionally, Ur is comparable to Uθ on the equatorial
plane. The above speculation is followed by
m ≈
π
2
(
2
β
+ 1)
(√
1 +
U20
U2r
)−1
.
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d
γ
Fig. 6 Schematic view of a non-axisymmetric disturbance in an m-fold spiral state. The
axis of the structure is inclined by γ against the meridional plane. In a strict sense, the
adjacent vortical structures extending to the north and south poles cancel out each other on
the equatorial plane, because of the symmetry satisfied by Φ.
In principle, m increases as β decreases (the gap becomes narrower). At the limit
of the narrow gap, the magnitude of Ur/U0 vanishes, as reported in Ref.[18], and
it is probably on the higher order of 1/β. Thus, the axisymmetric Taylor vortex
flow (γ = π/2) is the trigger for the onset of the transition and m → 0. On the
other hand, in wide gap SCF, Ur is principally on the order of U0, as seen in Fig.2,
such that the value of m is the inverse of the geometrical factor β. Although the
increase of Re enhances the meridional circulation of um=0, the increase of Ur is
weakened due to mixing in the gap induced by the non-axisymmetric component,
once Re passes beyond Recr. Thus, beyond Recr, a further increase of Re reduces
the ratio of Ur to U0, which leads to a decrease of m.
By introducing the thermal factor into the SCF by increasing Gr, we extend
the phase diagram of SCF up to Gr ≤ 300 for the case where β = 1. In the
present study, our scope is restricted in the case of Pr = 1. Equilibrium states
obtained from the present numerical integration are classified here into a basic
state, three-fold spiral state, four-fold spiral state, periodic states, and heat convec-
tive states, indicated by the symbols shown in Fig.7. Because the aforementioned
non-uniqueness is inevitable in the system, the obtained equilibrium state may
be preferred, yet it is not the only state but rather one realisable state with a
given set of parameters. While faster computation is desirable when investigating
a broad range of this parameter space, more time is needed to ensure that the nu-
merically converged state is the equilibrium. We ensure convergence by monitoring
several state variables that reflect the axisymmetry and the mirror-symmetry on
the equatorial plane. The average interval time required for convergence is of the
order of ten in a nondimensional time-scale.
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Fig. 7 Equilibrium states in Re-Gr space: basic state (◦), four-fold spiral state (△), three-fold
spiral state (N), aperiodic state (), and heat convective state ().
In Fig.7, the cases where Re = 0 correspond to the classical Rayleigh–Be´nard
problem in spherical geometry. Unstable modes that have degenerated owing to
spherical homogeneity evolve simultaneously from the static thermal conductive
state (u = 0) at the critical Grcr = 37.36 with a zenith degree lcr = 4 at Re = 0, as
shown in Ref.[26]. From nonlinear interactions between some eigenmodes, highly
symmetric steady states invariant under a set of transformations of point groups—
e.g. axisymmetric or polyhedral patterns—can bifurcate directly from the static
state. Several symmetric patterns that emerge over the critical Grashof number
have been explored since the previous pioneering research[10,27,28]. However, a
novel less-symmetric rotating state still attracts attention[29,30,26]. Therefore,
due to the non-uniqueness in the range above the critical Grashof number, the
final equilibrium state depends on the initial condition.
A slight increase in Re breaks the isotropic symmetry of the achieved states
Re = 0. Thus, the meridional flow induced by the rotating inner sphere converts the
static thermal conductive state to an axisymmetric basic state, at a fixed Gr that
is less than the critical Grashof number. Note that the axisymmetric basic state
exists as an equilibrium state in the entire parameter space, even if it is unstable
over the critical Grashof number. With the introduction of Re, the eigenmodes
degenerate at Gr > Grcr and Re = 0 separates. However, instability originating
at eigenmodes with m 6= 0 is suppressed by the meridional flow induced by the
rotating inner sphere. Thus, an increase in Re leads to an apparent increase in the
critical Grashof number Grcr(β,Re), over which the nonaxisymmetricity typical
in heat convective states triggers the instability. The most dangerous eigenmode
at a critical Grashof number with a small Re ≈ 0 value is the axisymmetric
mode with l = 4, which, in the meridional cross-section, generates the radial
Title Suppressed Due to Excessive Length 11
currents intensified locally at the equator and at the poles. The dependence of the
critical Grashof number on Re could be accounted for by the Coriolis factor. The
dependency associated with the Coriolis factor was previously calculated for a
rotating spherical shell (in the case of inner and outer spheres rotating with the
same angular velocity) with a homogeneously distributed heat source[10], where
introducing this Coriolis term into the momentum equation led to a qualitative
estimation: Grcr−Grcr(0) ∝ Re
2. Such a relation in the present SCF-SBC system
might provide the explicit boundary between heat convective states and the basic
laminar flow in Fig.7.
Thus, around a critical Gr at Re = 0, an increase of Re apparently stabilises the
system. On the contrary, in general, shear stress and unstable thermal stratification
intensify with an increase of Re and Gr, respectively, and this should contribute
to the instability of the system. One might consider that with, an increase of Gr,
the buoyancy force enforces radial outward flow induced by the inertial force of
the rotating inner sphere at the equator. Such speculation leads to an estimation
with regard to the boundary of the basic laminar flow in the control parameter
space: i.e. kGrcr+Ω
2
in ≈ Const. In Fig.7, this relationship is reflected qualitatively
as a convex boundary curve originating at Re = 489, when the effective ratio of
the buoyancy to the inertial forces, k ≈ 8, is adopted as a fitting parameter. Thus,
in the range of a relatively large Re, the increase of Re leads to a decrease of the
critical Grashof number Grcr(β,Re), over which the most dominant state is n-fold
states typical in normal SCF. This was confirmed for other wide-gap cases: viz.
β = 3/2 and 2/3.
4 Discussion
It is of interest that as Re decreases, the obtained equilibrium state over Grcr(β,Re)
changes from a three-fold (in SCF, Re ∼ 489) to a four-fold spiral state (in the
SCF-SBC system Re . 400). Additionally, by linearising the nonlinear terms with
respect to the non-axisymmetric modes, we calculated the linear growth rates of a
(non-axisymmetric) small disturbance superimposed on the (axisymmetric) basic
laminar flow for a given (Re, η). The boundary of positive/negative growth m = 3
and m = 4 is plotted with dashed and solid curves in Fig.7, respectively. The
exchange of the dominant fold state on the neutral curve Gr = Grcr(β,Re) occurs
at the intersection of these curves , which is likely to be in 120 < Gr < 160 and
400 < Re < 440 in the figure.
The exchange in the number of arms on the neutral curve could be explained
qualitatively from the aforementioned speculation. If the increase in Gr contributes
to enforcing the radial outward flow, then, the increase of Uθ would result in a
larger m. However, in reality, at a Gr beyond Grcr(Re) under a given Re, the
further increase of Gr probably activates the zenith degree of freedom in a polar
zone where the radial flow is relatively weak. The system with β = 1 principally
prefers a wave number of four as the critical meridional wave number in thermal
convection, so the selection of an m = 3 regime could survive in a delicate balance
of competitive features between a shear effect at the equator and a thermal effect
around the poles.
The present system transfers heat energy radially outwards from the inner
sphere, which can be enhanced further by the fluid convection. The heat flux
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Fig. 8 Heat and angular momentum fluxes transferred radially outward from the inner sphere,
for equilibrium states obtained at Gr = 40 (filled symbols) and 160 (unfilled symbols): (top)
heat energy Nuin, and (bottom) angular momentum Tqin. The m-fold states (represented by
filled and unfilled triangles) bifurcate from the basic flow (represented by filled and unfilled
circles) over a critical Reynolds number. The magnitudes of the fluxes of the m-fold states are
less than those of the basic flow.
normalised by that of the Stokes solution is conventionally termed the Nusselt
number, Nuin, calculated by
Nuin = 1−
Pr
4πrin
∫
∂Θ
∂r
∣∣∣
r=rin
sin θdθdφ .
At the same time, the rotating inner sphere also transfers angular momentum
outwards, which can likewise be enhanced by the fluid motion. The magnitude
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of angular momentum flux can be evaluated by the z component of the torque
exerted on the inner sphere normalised by that of the Stokes solution, Tqin, and
calculated exclusively from Ψ . Figs.8(a) and (b) show the Nuin and Tqin of the
equilibrium states obtained at Gr = 40 and 160, respectively. With an increase of
Re, these magnitudes increase monotonically, but the increases are attenuated for
Re, satisfying Gr > Grcr(Re). From the perspective of determinism, the obtained
equilibrium state should be selected exclusively from the initial condition and
the values of control parameters. On the other hand, the possible selection of a
converged state in a meta-stable system depends on how large the basin attraction
of the state is in the phase space. Thus, one would expect that the system prefers
a state with either larger heat transfer or more angular-momentum transfer[31].
However, the present results do not support this argument, because both the Nuin
and Tqin of the non-axisymmetric state are smaller than those of the basic laminar
state for Gr > Gr(Re).
A phase diagram in the Re−Gr parameter space has been investigated numer-
ically for another thermal convection induced by instabilities under the presence
of transverse seepage [32]. Air flow was modelled in a double-paned window with a
vertically inflowing bottom as the planar Poiseuille flow between vertical parallel
plates kept at different temperatures. The control parameters of the system were
Re and Gr, to evaluate the ratios of inertia and of buoyancy to viscosity. Steady
equilibrium states bifurcated from the basic flow were obtained numerically us-
ing the Newton–Raphson method. The authors showed that the bifurcation of
the secondary travelling wave solution can be either supercritical or subcritical in
the parameter space spanned by Re and Gr. Whether our system is a subcritical
system remains to be determined in future work.
5 Conclusion
The spherical Couette flow under unstable thermal stratification was numerically
investigated for η = 0.5. In the case without thermal stratification (Gr = 0), the
axisymmetric/non-axisymmetric transition was initiated by n-fold spiral states
at a critical Reynolds number, the results for which agreed with those obtained
experimentally[6,19] and numerically[18]. Next, we investigated the dependency
on the Reynolds number, Re, of the critical Grashof number Grcr at which the
axisymmetric state loses its stability against non-axisymmetric disturbance. At a
small Reynolds number, the rotation of the inner sphere suppresses the transi-
tion, where (axisymmetric) basic laminar flow bifurcates into a variety of states
under the thermal effect, such that Grcr increases with Re. On the other hand,
at larger Reynolds numbers, the rotation enhances the transition due to the ef-
fect of inertia, where the basic laminar state bifurcates into an n-fold spiral state,
such that Grcr decreases with Re. The axisymmetric state exists in a closed pa-
rameter range of the extended parameter space, along the boundary of which the
spiral patterns observed experimentally in SCF continually connect to the classical
spherical Be´nard convective states. This implies the existence of an upper limit
of Grcr at an optimum value of Re.
The present study can extend the diagram of equilibrium states of SCF, while
the non-uniqueness of solutions still remains an open question. Particularly, the
non-uniqueness in a range above the critical Reynolds number under Gr = 0, which
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was confirmed by experiments, will be solved more rigorously only by numerical
bifurcation analysis. The analysis would also distinguish the static and the ther-
mally bifurcated solutions above the critical Grashof number under Re = 0, which
are both axisymmetric in a strict sense. This will explicitly provide the boundary
between heat convective states and the basic laminar flow in Fig.7, the details for
which will be investigated in our future work.
In this study, Nusselt number and torque on the inner sphere are also calcu-
lated on the obtained axisymmetric and non-axisymmetric states over the critical
Grashof number. In the extended system, the state which is realised most probably
among possible steady states corresponds to neither the one with maximum heat
transfer nor the one with maximum angular-momentum transfer hypothesized by
the principle of maximum entropy. The natural explanation for the enhancement
of the Nusselt number validated in simple thermal convection is not applicable to
the extended system.
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